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Abstract
We consider the singular limit of a bistable reaction diffusion equation in the case when
the velocity of the traveling wave solution depends on the space variable and converges
to a discontinuous function. We show that the family of solutions converges to the stable
equilibria off a front propagating with a discontinuous velocity. The convergence is global
in time by applying the weak geometric flow uniquely defined through the theory of viscosity
solutions and the level-set equation.
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1 Introduction
Many phenomena in physics, chemistry, biology etc. give rise to moving interfaces. In math-
ematics these are sometimes modeled by reaction diffusion equations whose solution, often an
order parameter, is expected to approach for large times the equilibria of the system. When
there is more than one equilibrium, interfaces separate regions where the parameter tends to the
different equilibria, called phases for instance in phase transition models. In this paper we want
to study globally in time, as ε ↓ 0, the asymptotic behavior of the following reaction diffusion
equation
{
(i) uεt(x, t)− ε∆uε(x, t) + ε−1f ε(uε, x) = 0 in Rn × (0,+∞),
(ii) uε(x, 0) = g(x) in Rn,
(1.1)
when f ε : R×Rn −→ R is of bistable type, with structure conditions modelled on the following
main example
f ε(q, x) := 2
(
q − c
ε(x)
2
)
(q2 − 1) (1.2)
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with−1 < cε(x)/2 < 1. It is known in the literature and proved by Barles-Soner-Souganidis [4],
that if the bounded family of smooth functions {cε}ε>0 ⊂ C1,1(Rn), which are the velocities of
the travelingwave solutions of (1.1), converges locally uniformly to some continuous functionα :
R
n → R and the initial condition g represents a sharp interface across the unstable equilibrium,
then the asymptotics is governed by the following geometric Hamilton-Jacobi equation
{
ut(x, t) + α(x)|Du(x, t)| = 0, Rn × (0,+∞)
u(x, 0) = uo(x).
(1.3)
Here the initial condition uo ∈ C(Rn) is chosen in such a way that the initial front Γo = {x ∈
R
n : uo(x) = 0} = {x ∈ Rn : g(x) = α(x)2 } and Γo is a nonempty and closed set (ideally an
hypersurface). Moreover uo(x) > 0 (resp. uo(x) < 0) if g(x) >
α(x)
2
(resp. g(x) < α(x)
2
). Indeed
one proves that the convergence occurs locally uniformly off the moving front determined by
(1.3) to the stable equilibria of the reaction diffusion equation, namely
uε(x, t)→
{
1, if u(x, t) > 0,
−1, if u(x, t) < 0,
where u is the solution of (1.3). We recall that, in order to solve (1.3) globally in time, solutions
are meant as viscosity solutions, see Crandall-Ishii-Lions [10]. It turns out that (1.3) has a unique
continuous solution u ∈ C(Rn × [0,+∞)) for any uo ∈ C(Rn). Such equation is called geo-
metric since by homogeneity of the operator with respect to the first derivatives of u, one proves
that if u solves the pde in (1.3) and ψ : R → R is smooth and increasing, then also ψ(u) solves
the same equation. As a consequence, it is easy to see that if u1o and u
2
o are two initial conditions
such that
{x : u1o(x) = 0} = {x : u2o(x) = 0},
and u1, u2 are the corresponding solutions in (1.3), then one has
{x : u1(x, t) = 0} = Γt = {x : u2(x, t) = 0}, for all t > 0.
One can therefore define the family of closed sets (Γt)t to be the geometric flow of the front or
interface Γo with normal velocity−α.
In a previous paper [12], we proved that the problem (1.3) is well posed, and a comparison
principle holds in the sense of viscosity solutions as defined by Ishii [18] (that we recall below)
also when α has constant sign and it is piecewise continuous across an hypersurface, see also
Camilli [6]. In the present paper we will apply these results to (1.1) allowing the sequence cε to
only converge off an hypersurface. The novelty of our study is that in our case the norms of the
gradients ‖Dcε‖∞, ‖D2cε‖∞ may blow up as ε→ 0, see (3.2), (3.5) below. Nonetheless we can
still determine the asymptotic behavior of (1.1) for a general initial condition. We will show that
the family uε converges to the stable equilibria of (1.1) off the evolving interface which moves
with normal velocity −α, now discontinuous in space, and it is determined by the geometric
equation (1.3), once we initialize it by setting, in the case (1.2),
Γo = {x ∈ Rn : uo(x) = 0} = {x ∈ Rn : α∗(x)
2
≤ g(x) ≤ α
∗(x)
2
},
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where α∗, α∗ indicate the lower and upper semicontinuous envelopes of α, respectively. We
notice that Γo may contain relatively open subsets of the hypersurface of discontinuity of α
where
α∗(x)
2
< g(x) < α
∗(x)
2
. In geometric optics, discontinuous coefficients α in the propagation
equation (1.3) arise in the refraction phenomenon and 1/α is then the discontinuous refraction
index. This makes our study interesting for the applications.
In order to prove the convergence of the solutions of (1.1), we apply the general geometric
approach in Barles-Souganidis [5] to study singular limits giving rise to moving interfaces. Their
approach has already been used to describe geometric flows also in KPP-type systems, equations
with oscillating coefficients, nonlocal terms or appearing in the study of interacting particle sys-
tems, see also Souganidis [22]. We show that it can be adapted also in our case. The approach
in [5] is based on an equivalent definition of weak geometric flow through the local comparison
with smooth evolutions, as we recall below. This fact allows to apply more directly the formal
arguments, where the smoothness of the interface and of the solution of the geometric equation
is assumed, in order to derive the asymptotics. In our discussion, we are going to follow the
approach of [5], as revisited by Barles-Da Lio [3], where they study problems in bounded do-
mains with a Neumann boundary condition. We will often adapt to our problem a combination
of the arguments of these two papers. To implement a general initial condition, we also need to
follow some ideas of Chen [7] in order to show that an interface initializes in short time. We
recall here also the work by Da Lio, Kim, Slepev [11], where they study the asymptotics of a
reaction diffusion equation with a nonlocal term, with a scaling different than ours, in a bounded
domain with a nonlinear oblique derivative boundary condition. As we mentioned, the general
approach in [5, 3] does not apply directly in our case, and to cope with the discontinuous velocity
of the front we also need to use an equivalent definition of solution of (1.3) by using one sided
continuous approximations of the velocity, an idea already used in [11]. We will also show that,
when α in (1.3) has a sign and the initial front has empty interior, then the no interior condition
persists for all times, thus avoiding a possible unpleasant feature of the weak evolution.
We can also consider a different scaling in the reaction diffusion equation, namely{
(iii) uεt(x, t)−∆uε(x, t) + ε−2f ε(uε, x) = 0 in Rn × (0,+∞),
(iv) uε(x, 0) = g(x) in Rn.
(1.4)
rather than (1.1). In this case, if cε/ε→ α, with α piecewise continuous across an hypersurface,
and we can prove that equation (1.4) as ε → 0 gives rise to an interface moving with normal
velocity K − α, where K indicates the mean curvature of the interface. Thus the front moves
according to the geometric equation{
ut(x, t) + F (Du(x, t), D
2u(x, t)) + α(x)|Du(x, t)| = 0, (x, t) ∈ Rn × (0,+∞),
u(x, 0) = uo(x),
(1.5)
where F : Rn × Sn → R is defined as
F (p,X) = − tr
[(
I − p|p| ⊗
p
|p|
)
X
]
. (1.6)
We can prove the convergence of the family (uε)ε>0 also in this case, provided (1.5) satisfies a
comparison principle. At the present time, as far as we know, a general comparison principle for
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(1.5) when α is piecewise continuous does not yet appear in the literature. We proved however a
positive result in bounded domains in [13].
We finally recall that the so called level set method for geometric flows was proposed by
Osher-Sethian [20] for numerical computations of geometric flows. Equations (1.3), (1.5) are
main examples of their theory. The rigorous theory of weak front evolution started with the work
by Evans-Spruck [15] for the mean curvature flow and by Chen-Giga-Goto [9] for more general
geometric flows. For the mathematical analysis of the level set method via viscosity solutions,
the reader is referred to the book by Giga [17], where the approach is discussed in detail. Among
others, one of the most striking applications of the theory of weak front propagation is the fact
that it allows to rigorously determine the asymptotics of reaction diffusion equations and sytems
which model phase transitions. In this regard equation (1.4) (with x−independent nonlinearity f )
was proposed by Allen-Cahn [1] as a phase transition model for a moving interface with normal
velocity being the mean curvature of the front. The first study of the Allen-Cahn equation with
a formal asymptotics is by Keller-Rubinstein-Sternberg [19] and the first rigorous and global in
time proof of the asymptotics is due to Evans-Soner-Souganidis [14]. An application of the level
set method to study the asymptotics of a reaction diffusion system appears in Soravia-Souganidis
[21].
As a general notation, in the paper we denote by B(x, r), B(x, r] the open and closed balls
in Rn with center x and radius r ≥ 0, respectively.
2 Definitions and basic properties
In this section we consider a measurable function α : Rn → [ρ,+∞), ρ > 0, which is bounded
and piecewise continuous across a given oriented, closed, Lipschitz hypersurface Γ˜ ⊂ Rn as
follows. We are given two bounded and locally Lipschitz continuous functions n1, n2 : R
n −→
[ρ,+∞) such that n1(x) < n2(x), for all x ∈ Rn. If we denote with d˜ a signed distance function
from Γ˜, then we consider α such that
α(x) ∈


{n1(x)} if d˜(x) < 0,
{n2(x)} if d˜(x) > 0,
[n1(x), n2(x)] if d˜(x) = 0.
(2.1)
We first briefly recall the basic ideas and results of the level-set approach, for the details see
[4, 22, 17] and the references therein.
Let E be the collection of all the triples (Γo, D+o , D−o ) of mutually disjoint subsets of Rn such
that Γo is closed,D
±
o are open and R
n = Γo∪D+o ∪D−o . We choose a function uo ∈ C(Rn) such
that
D+o = {x ∈ Rn : uo(x) > 0}, D−o = {x ∈ Rn : uo(x) < 0}, Γo = {x ∈ Rn : uo(x) = 0}.
Given α as above, in order to define the weak motion or geometric flow of (Γo, D
+
o , D
−
o ) by
normal velocity −α we start by considering the viscosity solution u ∈ C(Rn × [0,+∞)) of the
Cauchy problem (1.3). All of what we are stating below in this section would also hold true
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for the other interesting geometric equation (1.5), in the case of a geometric flow with normal
velocity K − α, provided it satisfies a comparison principle. This problem is not completely
solved in the literature although we solve it in bounded domains in [13].
We recall that, following Ishii [18], a locally bounded viscosity solution u : Rn×(0,+∞)→
R of the pde in (1.3) is defined by checking the two differential inequalities
ut(x, t) + α∗(x)|Du(x, t)| ≤ 0,
ut(x, t) + α
∗(x)|Du(x, t)| ≥ 0,
in the viscosity sense, see [10]. Here α∗(xˆ) = limr→0+ supB(xˆ,r) α(x) is the upper semicontin-
uous envelope, and the lower semicontinuous envelope α∗ is defined accordingly. For instance,
whenever ϕ ∈ C1(Rn × (0,+∞)) and u∗ − ϕ has a local maximum point at (xo, to), then
ϕt(xo, to) + α∗(xo)|Dϕ(xo, to)| ≤ 0.
A locally bounded function u : Rn × [0,+∞) will be a (discontinuous) solution of (1.3) if it is
moreover continuous at the points of {(x, 0) : x ∈ Rn} and u(x, 0) = uo(x). It is known that,
for every uo ∈ C(Rn) there exists a unique solution u ∈ C(Rn × [0,+∞)) of (1.3). For this
fact the reader can consult the standard theory in [10] when α is continuous, or [6, 12] and the
references therein for a discontinuous α. If for t > 0, we define the triple
D+t := {x ∈ Rn : u(x, t) > 0}, D−t := {x ∈ Rn : u(x, t) < 0}, Γt := {x ∈ Rn : u(x, t) = 0},
we have that (Γt, D
+
t , D
−
t ) ∈ E for all t ≥ 0, and, since the equation in (1.3-i) is geometric
as recalled in the introduction, the collection {(Γt, D+t , D−t )}t≥0 is uniquely determined, inde-
pendently of the choice of the initial datum uo with the properties above, by the initial triple
(Γo, D
+
o , D
−
o ).
One of the interesting facts of weak geometric flows in the level set approach is that even if
we start out with a smooth initial hypersurface Γo, at some later time t > 0, the front Γt may
develop interior points. We say below that the no-interior condition holds for the set {u = 0} if
{(x, t) : u(x, t) = 0} = ∂{(x, t) : u(x, t) > 0} = ∂{(x, t) : u(x, t) < 0}. (2.2)
The importance of the no-interior condition is clear in the following result; for a more precise
discussion about condition (2.2) see [4]. To explain it we need to recall the concept of half
relaxed limits of a locally bounded family of functions uε : Rn × (0,+∞) → R. These are
defined as
lim inf∗ε→0+ uε(x, t) := limr→0+ inf{uε(y, s) : 0 < ε < r, (y, s) ∈ B(x, r)× (t− r, t+ r)}
lim sup∗ε→0+ u
ε(x, t) := limr→0+ sup{uε(y, s) : 0 < ε < r, (y, s) ∈ B(x, r)× (t− r, t+ r)}
Theorem 2.1. (i) The two functions χ(x, t) = 1D+t ∪Γt(x) − 1D−t (x), χ(x, t) = 1D+t (x) −
1D−t ∪Γt(x) are viscosity solutions of (1.3) (respectively the maximal subsolution and the
minimal supersolution) associated respectively with the discontinuous initial data wo =
1D+o ∪Γo − 1D−o and wo = 1D+o − 1D−o ∪Γo , respectively.
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(ii) Suppose that Γo has an empty interior; then the Cauchy problem (1.3) associated with the
initial data wo = 1D+o − 1D−o has a unique discontinuous solution if and only if the no-
interior condition (2.2) holds, and this solution is given by the function
χ(x, t) = 1D+t (x)− 1D−t (x). (2.3)
Proof. We sketch this proof for the reader’s convenience since even for α piecewise continu-
ous it does not change much from the one in [4, 22], given for a continuous α. (i) The first
statement of the theorem follows from the stability of viscosity solutions which holds for dis-
continuous equations as well, see [12]. To prove that the function χ(x, t) is a solution of (1.3)
associated with the initial datum wo = 1D+o − 1D−o ∪Γo , we consider the change of variables
ψǫ(r) = tanh
(
r−√ǫ
ǫ
)
. Since for every ǫ > 0 the function ψǫ is strictly increasing we also
have that every U ǫ(x, t) = ψǫ(u(x, t)) is a continuous viscosity solution of (1.3) associated
with the initial datum ψǫ(uo). Moreover we can easily see that χ
∗(x, t) = lim sup∗ε→0+ U
ǫ(x, t),
χ(x, t) = χ∗(x, t) = lim inf∗ε→0+ U
ǫ(x, t) and hence, by the stability property of viscosity
sub/super-solutions, χ is a discontinuous viscosity solution of (1.3-i).
(ii) If Γo has empty interior and the set {u = 0} doesn’t satisfy (2.2), by the first part of the
proof we have that χ and χ have different semicontinuous envelopes and are both solutions of
the Cauchy problem.
To prove the opposite implication, assume on the contrary that condition (2.2) holds and let χ as
in (2.3). Then χ∗ = χ, χ∗ = χ and so, by (i), χ is a solution of (1.3-i). If w is a discontinuous
solution of (1.3) with discontinuous initial condition wo = 1D+o − 1D−o , then by comparison
principle, see [12], −1 ≤ w ≤ 1 in Rn × [0,+∞). Consider now a family of increasing smooth
functions ψn : R → R such that −1 ≤ ψn ≤ 1, ψn(r) = 1 if r ≥ 0 and infn ψn = −1 in
(−∞, 0). By the comparison principle, we obtain that for all n, w ≤ w∗ ≤ ψn(u) for all n,
where u is the solution of (1.3). Thus w = −1 in D−t . Similarly one proves that w = 1 in D+t
and we conclude by the no-interion condition that w(·, t) = χ = χ in D+t ∪D−t .
Remark 2.2. In the above statement, uniqueness of discontinuous solutions is meant in the sense
that u, w are locally bounded, u(x, 0) = w(x, 0) = wo(x), they are continuous on {(x, 0) : x ∈
D+o ∪D−o }, and u∗ = w∗, u∗ = w∗ in Rn × [0,+∞).
Now we can give the definition of generalized super- and subflow with prescribed normal
discontinuous velocity following [3], (see also [5]).
Definition 2.3. A family (Ωt)t∈(0,T ) (resp. (Ft)t∈(0,T )) of open (resp. closed) subsets of Rn is
called a generalized superflow (resp. subflow) with normal velocity −α(x) if, for any x0 ∈ Rn,
t ∈ (0, T ), r > 0, h > 0 so that t + h < T and for any smooth function φ : Rn × [0, T ] → R
such that:
(i) ∂φ(x, s)/∂t+α∗(x)|Dφ(x, s)| < 0 (resp. ∂φ(x, s)/∂t+α∗(x)|Dφ(x, s)| > 0) inB(x0, r]×
[t, t+ h]
(ii) {x ∈ B(x0, r] : φ(x, s) = 0} 6= ∅, for any s ∈ [t, t+ h] and
|Dφ(x, s)| 6= 0 on {(x, s) ∈ B(x0, r]× [t, t+ h] : φ(x, s) = 0}
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(iii) {x ∈ B(x0, r] : φ(x, t) ≥ 0} ⊂ Ωt (resp. {x ∈ B(x0, r] : φ(x, t) ≤ 0} ⊂ F ct ),
(iv) {x ∈ ∂B(x0, r] : φ(x, s) ≥ 0} ⊂ Ωs for all s ∈ [t, t + h] (resp. {x ∈ ∂B(x0, r] : φ(x, s) ≤
0} ⊂ F cs ),
then we have
{x ∈ B(x0, r] : φ(x, s) > 0} ⊂ Ωs, (resp. {x ∈ B(x0, r] : φ(x, s) < 0} ⊂ F cs , )
for every s ∈ (t, t+ h).
A family (Ωt)t∈(0,T ) of open subsets of Rn is called a generalized flow with normal velocity
−α(x) if (Ωt)t∈(0,T ) is a superflow and (Ωt)t∈(0,T ) is a subflow.
Remark 2.4. It follows immediately by Definition 2.3 that a family (Ωt)t∈(0,T ) of open sub-
sets of Rn is a generalized superflow with normal velocity −α(x) if and only if (Ωct)t∈(0,T ) is a
generalized subflow with normal velocity α(x).
The role of the super- subflows in the level set approach is described by the following state-
ment.
Theorem 2.5. (i) Let (Ωt)t∈(0,T ) be a family of open subsets of Rn such that the set Ω :=⋃
t∈(0,T ) Ωt × {t} is open in Rn × [0, T ]. Then (Ωt)t∈(0,T ) is a generalized superflow with
normal velocity −α if and only if the function χ = 1Ω − 1Ωc is a viscosity supersolution
of (1.3-i)
(ii) Let (Ft)t∈(0,T ) be a family of closed subsets of Rn such that the set F :=
⋃
t∈(0,T ) Ft×{t} is
closed in Rn × [0, T ]. Then (Ft)t∈(0,T ) is a generalized subflow with normal velocity −α
if and only if the function χ = 1F − 1Fc is a viscosity subsolution of (1.3-i)
Proof. The argument of the proof follows with slight changes the one given in [3], although α is
discontinuous, and we omit it.
We now give a result that explicitly points out the connection between the level-set approach
and the definition of generalized flow given here.
Corollary 2.6. Assume to have two families of open subsets of Rn, (Ω1t )t∈(0,T ) and (Ω
2
t )t∈(0,T )
such that (Ω1t )t∈(0,T ) and ((Ω
2
t )
c)t∈(0,T ) are respectively super- and subflows with normal velocity
−α and also Ω1 = ∪t∈(0,T )Ω1t × {t}, Ω2 = ∪t∈(0,T )Ω2t × {t} are open and disjoint. Define now
w(x, t) = 1Ω1 − 1(Ω1)c , w(x, t) = 1(Ω2)c − 1Ω2 ,
and note that they are lower and upper semicontinuous respectively. Extend w, w by semiconti-
nuity at t = 0 and finally define
Ω10 = {x ∈ Rn : χ(x, 0) = 1}, Ω20 = {x ∈ Rn : χ(x, 0) = −1}.
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Suppose moreover that there exists (Γ0, D
+
0 , D
−
0 ) ∈ E such that D+0 ⊆ Ω10 and D−0 ⊆ Ω20. Then,
if we denote with (Γt, D
+
t , D
−
t ) the level set evolution of (ΓD0, D
+
0 , D
−
0 ), we have:
(i) for all t ∈ [0, T ),
D+t ⊂ Ω1t ⊂ D+t ∪ Γt, D−t ⊂ Ω2t ⊂ D−t ∪ Γt,
(ii) if
⋃
t Γt × {t} satisfies the no-interior condition, then for all t ∈ [0, T ),
D+t = Ω
1
t , D
−
t = Ω
2
t .
Proof. Define χ and χ as in Theorem 2.1. For the first part of the statement, by Theorem 2.5(i)
the function w is a supersolution of (1.3), therefore by its initial condition w(x, 0) ≥ χ(x, 0)
and Theorem 2.1(i) we get that w ≥ χ which is minimal among supersolutions. Similarly w is
a subsolution of (1.3), therefore w ≤ χ which is maximal among subsolutions. Comparing the
definitions now the conclusion follows.
Similarly for the second part of the statement.
3 Asymptotics of reaction-diffusion equations
We now list the main assumptions for our problem that will hold for the rest of the paper except
Section 5. Most of them are technical conditions stated in the way we will need them. In the
case that the nonlinearity is as in (1.2), they will follow easily from a few regularity hypotheses
on the family {cε}ε>0.
For the data of the Cauchy problem (1.1), we suppose that g ∈ C(Rn), −1 ≤ g ≤ 1 while
f ε ∈ C2(R× Rn), satisfies the following properties, where γ, ρ ∈ (0, 1):

for any x ∈ Rn f ε(·, x) has exactly three zeroes − 1, mεo(x), 1, 0 < ρ < mεo(x) < 1− ρ,
f ε(·, x) > 0 in (−1, mεo(x)) ∪ (1,+∞) and f ε(·, x) < 0 in (−∞,−1) ∪ (mεo(x), 1),
there exists a γ > 0 such that f εq (q, x) ≥ γ for all q ≤ −1 + γ or q ≥ 1− γ, and x ∈ Rn,
f εqq(−1, x) < 0 and f εqq(1, x) > 0,
(3.1)
and also, for some k ∈ [0, 1
2
],

for every compactK ⊂ R there exist constants C = C(K) > 0
such that, for all (q, x) ∈ K × Rn, 1 ≤ i, j ≤ n,
|f εq (q, x)|, |f εqq(q, x)| ≤ C, |f εxi(q, x)|, |f εxiq(q, x)| ≤ C1εk , |f εxixj (q, x)| ≤ C2ε2k .
(3.2)
Below we denote with m(x) = lim sup∗ε→0+ m
ε
o(x), m(x) = lim inf∗ε→0+ m
ε
o(x) the up-
per semicontinuous and, respectively, lower semicontinuous half relaxed limits of the family
{mεo}ε>0. We also assume on f that: for every compact K1 ⊂ Rn and m1 > supx∈K1 m(x),
m2 < infx∈K1 m, there are two functions
f¯ , f ∈ C2(R× Rn) satisfying (3.1), (3.2) with zeroes in {−1, m1, 1}, {−1, m2, 1} respectively, and
f ≤ f ε ≤ f, for all x ∈ K1, q ∈ [−1, 1], ε > 0 sufficiently small.
(3.3)
8
The typical example for the function f ε is
f ε(q, x) := 2
(
q − c
ε(x)
2
)
(q2 − 1). (3.4)
It satisfies all the assumptions listed above withmεo(x) = c
ε(x)/2, provided that
cε ∈ C2(Rn), 0 < ρ < cε(x)/2 < 1− ρ,
|∂xicε(x)| ≤ C1εk , |∂2xixjcε(x)| ≤ C2ε2k , ∀x ∈ Rn, i, j ∈ {1, . . . n},
(3.5)
and in (3.3) we can choose f(q) := 2(q −m1)(q2 − 1), f(q) := 2(q −m2)(q2 − 1).
Thanks to these properties of f ε, as proven by Aronsson-Weinberger [2] and Fife-McLeod
[16], for all x ∈ Rn there is a unique pair (qε(·), cε(x)), solution of the traveling wave equation
qεrr(r, x) + c
ε(x)qεr(r, x) = f
ε(qε(r, x), x), (r, x) ∈ R× Rn, (3.6)
subject to the following conditions
qε(−∞, x) = −1, qε(+∞, x) = 1, qε(0, x) = mεo(x)
and we have that qεr > 0.
We will further assume that the pair (qε(·), cε(x)) satisfies a series of properties. There are
a, b > 0 such that
inf
x∈Rn
qε(r, x) ≥ 1− ae−br as r → +∞, sup
x∈Rn
qε(r, x) ≤ −1 + aebr as r → −∞, (3.7)
and moreover
qεr(r, x) ≥ K(x, r¯) > 0, for x ∈ Rn, |r| ≤ r¯,
sup(r,x)∈R×Rn [(1 + |r|)qεr(r, x) + (1 + |r|2)qεrr(r, x)] < +∞. (3.8)
For any compact K1 ⊂ Rn there exist constantsM1,M2 > 0 such that
|Dqε(r, x)|, |Dqεr(r, x)| ≤ M1εk , |D2qε(r, x)| ≤ M2ε2k , for all x ∈ K1, r ∈ R. (3.9)
For instance in the case (3.4), as well known, easy explicit calculations are possible, the traveling
wave equation admits as unique solution the function
qε(r, x) = tanh(r + rε(x)), (3.10)
where rε(x) = 1
2
ln
(
2+cε(x)
2−cε(x)
)
and the velocity of the traveling wave is precisely cε(x) of (3.4).
Some simple computations, using the properties of cε, show that for each ε > 0, (3.7), (3.8),
(3.9) are satisfied for each ε > 0.
We also notice that there exists a δ¯ such that, for all δ ∈ [−δ¯, δ¯] the function f ε,δ = f ε + δ
satisfies similar properties to those of f ε, (3.1) (3.2) and (3.3), and it has exactly three zeroes in
mε,δ− (x) < m
ε,δ
o (x) < m
ε,δ
+ (x), and clearly m
ε,δ
− (x) < −1(> −1), mε,δ+ (x) < 1(> 1) for δ >
9
0(< 0) small enough. In particular, for each δ ∈ [−δ¯, δ¯], there exists a unique pair (qε,δ(·), cε,δ)
which solves the traveling wave equation
qε,δrr (r, x) + c
ε,δ(x)qε,δr (r, x) = f
ε,δ(qε,δ(r, x), x), (r, x) ∈ R× Rn,
subject to
qε,δ(−∞, x) = mε,δ− (x), qε,δ(+∞, x) = mε,δ+ (x), qε,δ(0, x) = mε,δo (x)
and such that qε,δr > 0. The pair moreover satisfies the corresponding of (3.7), (3.8), (3.9) and
we will also suppose that there is a constantM > 0 independent of ε such that
sup
x∈Rn
[
|cε(x)− cε,δ(x)|+ |1−mε,δ+ (x)|+ |1 +mε,δ− (x)|
]
≤ Mδ. (3.11)
In the case (3.4), one can explicitly compute
cε,δ(x) = 2mε,δo (x)−mε,δ+ (x)−mε,δ− (x)
and therefore the estimate (3.11) is an easy consequence of an uniform estimate of the derivative
|f εq (q, x)| ≥ γ > 0, for all x ∈ Rn and q in a neighborhood of the three zeroes, which follows
from (3.1).
Now for the asymptotics of the velocity of the traveling waves, we suppose that there is a
smooth hypersurface Γ˜ that satisfies
0 < 2ρ ≤ n1(x) < cε(x) < n2(x) ≤ 2(1− ρ), for any x ∈ Rn,
cε −→ α, locally uniformly off Γ˜, (3.12)
where the functions α, n1, n2 are assumed as in (2.1).
Again in the case (3.4), we can explicitly choose a family of velocities cε satisfying the
assumptions above, as for instance if
cε(x) =
n1(x)
2
(
1− tanh ( d˜(x)
εk
))
+
n2(x)
2
(
1 + tanh
( d˜(x)
εk
))
, (3.13)
where d˜ ∈ C2(Rn) and coincides with a signed distance function from Γ˜ in a tubular neighbor-
hood and observe thatm = α
∗
2
andm = α∗
2
.
Remark 3.1. It is clear that the case (3.4) is cleaner and we only need (2.1), (3.5) and (3.12)
in order to have the whole set of assumptions satisfied. Many technical assumptions may thus
be avoided, in particular due to the direct relationship between the unstable equilibrium and the
velocity of the approximating front provided explicitly by the traveling waves.
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3.1 The abstract method
To study the asymptotics of the solutions of singular perturbation problems for semilinear reaction-
diffusion equations inRn we follow the method explained in [5] and in [3] and briefly recall their
general idea.
In our asymptotic problem we are given a family uǫ : Rn × [0, T ) → R of bounded regular
functions, −1 ≤ uε ≤ 1, the solutions of the Cauchy problem (1.1), for any small parameter
ǫ > 0. Our aim is to show that there exists a generalized flow (Γt,Ω
+
t ,Ω
−
t )t∈[0,T ) on R
n with a
discontinuous normal velocity determined by the data of the problem such that, as ǫ→ 0,
uǫ(x, t)→ 1 if (x, t) ∈ Ω+ := ⋃t∈(0,T ) Ω+t × {t},
uǫ(x, t)→ −1 if (x, t) ∈ Ω− := ⋃t∈(0,T ) Ω−t × {t},
where ±1 ∈ R are the stable equilibria of the system. We introduce two open sets
Ω1 = Int
{
(x, t) ∈ Rn × [0, T ] : lim inf
ε→0+ ∗
uǫ(x, t) = 1
}
Ω2 = Int
{
(x, t) ∈ Rn × [0, T ] : lim sup
ε→0+
∗ uǫ(x, t) = −1
}
,
(3.14)
and define the families (Ω1t )t∈(0,T ) and (Ω
2
t )t∈(0,T ) by
Ω1t = {x ∈ Rn : (x, t) ∈ Ω1}, Ω2t = {x ∈ Rn : (x, t) ∈ Ω2}, (3.15)
for all t ∈ (0, T ). Obviously Ω1 and Ω2 are open and disjoint subsets of Rn × (0, T ) and so the
two step functions χ and χ, defined as
χ(x, t) = 1Ω1 − 1(Ω1)c , χ(x, t) = 1(Ω2)c − 1Ω2 (3.16)
are respectively lower and upper semicontinuous onRn×(0, T ). Also notice thatΩ1 = ∪t∈(0,T )Ω1t×
{t}, Ω2 = ∪t∈(0,T )Ω2t × {t}. Finally we extend χ, χ by lower and upper semicontinuity to the
whole of Rn × [0, T ]. For simplicity of notation we still call χ and χ these extensions.
To analyze the asymptotics for our functions uǫ we follow three steps.
1. Initialization: we define the traces Ω10 and Ω
2
0 of Ω
1 and Ω2 for t = 0 as
Ω10 = {x ∈ Rn : χ(x, 0) = 1}, Ω20 = {x ∈ Rn : χ(x, 0) = −1}. (3.17)
2. Propagation: we show that (Ω1t )t∈(0,T ) and ((Ω
2
t )
c)t∈(0,T ) are respectively super and sub-flows
with normal velocity −α, where α is defined in (3.12).
3. Conclusion: we conclude our asymptotics by applying Corollary 2.6 to (Ω1t )t∈[0,T ) and
((Ω2t )
c)t∈[0,T ).
3.2 The asymptotic problem
The front associated with the asymptotics of (1.1) evolves according to the geometric pde (1.3-i)
as we claim in the following theorem.
11
Theorem 3.2. Assume (2.1), (3.1), (3.2), (3.3), (3.7), (3.8), (3.9), (3.11), (3.12). Let uε be the
unique smooth solution of (1.1), where g : Rn → [−1, 1] is a continuous function such that the
sets Γo = {x : m(x) ≤ g(x) ≤ m(x)}, Ω+o = {x : g(x) > m(x)}, Ω−o = {x : g(x) < m(x)} are
nonempty and (Γo,Ω
+
o ,Ω
−
o ) ∈ E . Then
uε(x, t) −→
{
1, if u(x, t) > 0,
−1, if u(x, t) < 0,
locally uniformly as ε→ 0, where u is the unique viscosity solution of
{
ut(x, t) + α(x)|Du(x, t)| = 0 in Rn × (0,+∞),
u(x, 0) = do(x),
(3.18)
and do is the signed distance to Γo which is positive in Ω
+
o and negative in Ω
−
o . If in addition the
no-interior condition (2.2) for the set {u = 0} holds, then, as ε→ 0,
uε(x, t) −→
{
1 {u > 0},
−1 {u > 0}c,
locally uniformly.
Remark 3.3. The results of the theorem are more elegant in the case that the initialized front Γo
has empty interior. In the open sets wherem = m = m, then the family {mεo} converges locally
uniformly, and Γo is determined by the equation g = m. If this is not the case, Γo may contain
relatively open subsets of {x : m(x) > m(x)}. Notice also that in the case (3.4) then m = α∗
2
and m = α∗
2
, therefore even in that case it is preferable to have a set of discontinuities of α with
empty interior.
Proof. The proof will take up the rest of the section and will be divided into a series of statements.
Following the abstract method described in the previous section we define two families of open
sets of Rn, (Ω1t )t∈(0,T ) and (Ω
2
t )t∈(0,T ) as in (3.14), (3.15) and two further sets Ω
1
0, Ω
2
0 as in (3.17).
We recall that by maximum principle −1 ≤ uε ≤ 1.
First step: initialization. We want to show that,
Ω+0 = {do > 0} ⊆ Ω10, Ω−0 = {do < 0} ⊆ Ω20.
Since the proofs of these two inclusions are similar we only show the first one. Consider xˆ ∈
{do > 0}, then we have that g(xˆ) > m(xˆ) and so, by the continuity of g, upper semicontinuity
and definition ofm, we can find an r, σ > 0 such that
g(x) ≥ sup
B(xˆ,r)
m+ σ ≥ mεo(x) +
3
4
σ,
for all x ∈ B(xˆ, r) and ε sufficiently small. This means that
uε(x, 0) = g(x) ≥
(
sup
B(xˆ,r)
m+ σ
)
1B(xˆ,r)(x)− 1B(xˆ,r)c(x). (3.19)
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Now we introduce the function Φ : Rn × [0, T ]→ R defined by
Φ(x, t) = r2 − |x− xˆ|2 − Ct, (3.20)
with C > 0 a constant that will be chosen later. We denote by d(·, t) the signed distance to
the set {Φ(·, t) = 0} defined in such a way to have the same sign of Φ. Explicitly d(x, t) =√
(r2 − Ct)+− |x− xˆ|. Note in particular that d(x, 0) ≥ β(> 0) if and only if x ∈ B(xˆ, r− β].
To prove the first step we need the two following lemmas.
Lemma 3.4. Under the assumptions of Theorem 3.2 we have that for any β > 0 there exist
τ = τ(β) > 0 and ε¯ = ε¯(β) such that, for all 0 < ε ≤ ε¯, we have
uε(x, tε) ≥ (1− β)1{d(·,0)≥β}(x)− 1{d(·,0)<β}(x), x ∈ Rn,
where tε = τε and d(x, t) =
√
(r2 − Ct)+ − |x− xˆ|.
Lemma 3.5. There exist h¯ = h¯(r, xˆ) > 0, β¯ = β¯(r, xˆ) independent of ε such that if β ≤ β¯ and
ε ≤ ε¯(β), then there is a subsolution ωε,β of (1.1-i) in Rn × (0, h¯) that satisfies
ωε,β(x, 0) ≤ (1− β)1{d(·,0)≥β}(x)− 1{d(·,0)<β}(x), x ∈ Rn.
If moreover (x, t) ∈ B(xˆ, r)× (0, h¯) and d(x, t) > 3β, then
lim inf
ε→0+ ∗
ωε,β(x, t) ≥ 1− 3β.
Before proving Lemmas 3.4 and 3.5 we give the short conclusion of the first step which
follows [3]. To do this, we first notice that, combining these two Lemmas, we get the existence
of a viscosity subsolution ωε,β of (1.1-i) in Rn × (0, h¯) such that
ωε,β(x, 0) ≤ uε(x, tε), for all x ∈ Rn,
and so, by the maximum principle,
ωε,β(x, s) ≤ uε(x, s+ tε), for all (x, s) ∈ Rn × [0, h¯].
Therefore, using the second part of Lemma 3.5, we get that for all (x, s) ∈ B(xˆ, r) × (0, h¯),
d(x, s) > 3β,
lim inf
ε→0+ ∗
uε(x, s) ≥ 1− 3β.
Since β is arbitrary and does not depend on h¯ we can send it to zero in order to obtain that, for
all (x, s) ∈ B(xˆ, r)× (0, h¯), d(x, s) > 0,
lim inf
ε→0+ ∗
uε(x, s) ≥ 1,
i.e. x ∈ Ω1s by definition.
Moreover, by definition of d, it follows that there exist η¯ < r, t¯ < h¯ so that B(xˆ, η¯) ⊂
{d(·, t) > 0} for any 0 < t < t¯. This implies that B(xˆ, η¯) ⊂ Ω1t for any 0 < t < t¯ and therefore
χ(xˆ, 0) = 1 and xˆ ∈ Ω10.
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Proof of Lemma 3.4. For the proof of this lemma we follow the ideas of Chen [7, 8], based on
the fact that for ε small in the reaction diffusion equation the diffusion term is negligible for short
time, and of Barles-Da Lio [3]. The lemma is a local short time generation of the interface. The
corresponding proof in [7] is more precise since there the time needed to generate the interface
is precisely determined. Let β > 0 be fixed. Due to the maximum principle we just need to show
that uε(x, tε) ≥ 1− β if d(x, 0) ≥ β.
1. We denote by χ = χ(τ, ξ; x) ∈ C2([0,+∞)× R× Rn) the solution of
{
χ˙(τ, ξ; x) + f ε(χ(τ, ξ; x), x) = 0, τ > 0,
χ(0, ξ; x) = ξ.
(3.21)
It is then simple to see, by the properties of ordinary differential equations, that χ satisfies the
following properties
χξ(τ, ξ; x) > 0, in [0,+∞)× R× Rn, (χ1)
and there exists τo = τo(β) > 0 such that, for all τ ≥ τo
χ(τ, ξ; x) ≥ 1− β, ∀ ξ ≥ supB(xˆ,r)m+ σ2 . (χ2)
(Regarding the proof of the estimate in (χ2), which is independent of ε and x, we just notice that
we can choose a cubic-like function f as in (3.3) withK = B(xˆ, r], m1 = supB(xˆ,r)m+
σ
4
such
that
f(q) ≥ f ε(q, x),
for all x ∈ B(xˆ, r), q ∈ [−1, 1], and ε sufficiently small.)
Moreover, since for any C > 1 we have that χ(τ, ξ, x) ∈ [−C,C] for all ξ ∈ [−C,C], τ ≥ 0,
x ∈ Rn, it also holds that for any C > 1, τ > 0 there exists a constantMC,τ > 0 such that
|χξξ(τ, ξ; x)| ≤MC,τχξ(τ, ξ; x), |χxi(τ, ξ; x)|,≤ MC,τεk
|χξxi(τ, ξ; x)| ≤ MC,τεk χξ(τ, ξ; x), |χxixi(τ, ξ; x)| ≤
MC,τ
ε2k
χξ(τ, ξ; x),
(χ3)
for any ξ ∈ [−C,C], x ∈ Rn, i ∈ {1, 2, · · · , n} and ε small enough.
2. Let ψ be a nondecreasing smooth function in R such that
ψ(z) =
{ −1 if z ≤ 0,
supB(xˆ,r)m+ σ if z ≥ β ∧ σ2 .
We can define a function uε in Rn × [0, T ] as
uε(x, t) = χ
( t
ε
, ψ(d(x, 0))−Kt, x
)
,
for K a constant to be decided later. Thanks to a computation similar to those in [5] one can
prove that, ifK is large enough, uε is a subsolution of (1.1-i) in Rn× (0, τoε), with τo as in (χ2).
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In fact, since χ satisfies (3.21) and ψ′ has compact support, we obtain
uεt − ε∆uε +
f ε(uε, x)
ε
=
χ˙
ε
−Kχξ − ε
[
χξξ
∣∣∣ψ′Dd(x, 0)∣∣∣2
+ χξ
(
ψ′′ + ψ′∆d(x, 0)
)
+∆χ + 2Dχξ ·
(
ψ′Dd(x, 0)
)]
+
f ε(χ, x)
ε
≤ −Kχξ + ε[M1|χξξ|+M2χξ + |∆χ|+M3|Dχξ|].
(3.22)
Now we want to use properties (χ1) and (χ3) in order to get an estimate for the terms |χξξ|,
|Dχξ|, |∆χ|. Indeed since ψ(d(x, 0)) ∈ I = [−1, 1+ σ] for all x ∈ Rn, by evaluating (3.22) at a
point of Rn × (0, τoε) we obtain
uεt − ε∆uε +
f ε(uε, x)
ε
≤ −χξ
(
K − εM2 − εM2,τo
(
M1 +
M3
εk
+
1
ε2k
))
≤ 0,
forK large enough. Moreover by definition of d,
uε(x, 0) = ψ(d(x, 0)) ≤
(
sup
B(xˆ,r)
m+ σ
)
1{d(x,0)>0}(x)− 1{d(x,0)≤0}(x)
=
(
sup
B(xˆ,r)
m+ σ
)
1B(xˆ,r)(x)− 1B(xˆ,r)c .
Therefore combining the last inequality with (3.19) we get
uε(x, 0) ≤ uε(x, 0), for all x in Rn.
Thus, by the maximum principle,
uε(x, t) ≤ uε(x, t) in Rn × [0, τoε].
Now if we evaluate the last inequality for x ∈ {d(·, 0) ≥ β ∧ σ/2} and t = tε = τoε, we get
uε(x, tε) ≥ χ
(
τo, sup
B(xˆ,r)
m+ σ −Kτoε, x
) ≥ χ(τo, sup
B(xˆ,r)
m+
σ
2
, x
)
,
for ε ≤ σ
2Kτo
. Therefore by (χ2) and we obtain
uε(x, tε) ≥ 1− β,
for all x ∈ {d(·, 0) ≥ β}.
Proof of Lemma 3.5. The proof follows with some modifications the ideas in [3] and [5]. First
of all we consider the smooth function Φ defined in (3.20) where now C is fixed and satisfies
C ≥ 8r. (3.23)
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Since DΦ(x, t) 6= 0 if Φ(x, t) = 0, there exist γ, h¯ > 0 such that h¯ < r2/C, d is smooth in
the set Qγ,h¯ = {(x, t) : |(d(x, t))| ≤ γ, |x − xˆ| ≥ γ, 0 ≤ t ≤ h¯}, and DΦ(x, t) 6= 0 in Qγ,h¯.
Now we construct a subsolution by steps.
1. We first define a smooth function vε in Qγ,h¯ as
vε(x, t) = qε,δ
(d(x, t)− 2β
ε
, x
)
− 2β,
with δ ∈ [0, δ¯] to be chosen later. Using the definition of d, the assumption (3.23) on C and the
properties (3.9) satisfied by qε,δ we can see that in Qγ,h¯,
vεt − ε∆vε +
f ε(vε, x)
ε
=
qε,δr dt
ε
− q
ε,δ
rr
ε
− 2Dqε,δr ·Dd− qr∆d− ε∆qε,δ +
f ε(qε,δ − 2β, x)
ε
≤ q
ε,δ
r
ε
( −C
2
√
r2 − Ct + c
ε,δ(x) + ε
n− 1
|x− xˆ|
)− δ
ε
− 2Dqε,δr ·Dd− ε∆qε,δ
− 2βf
ε
q (q
ε,δ, x)
ε
+
2β2‖f εqq‖∞
ε
≤ 1
ε
[
− qε,δr − 2βf εq (qε,δ, x) + 2β2‖f εqq‖∞
]
+
[
−δ
ε
+ 2|Dqε,δr |+ ε|∆qε,δ|
]
,
for ε and |δ| small enough. Since for any x ∈ Rn, δ ∈ [0, δ¯],
qε,δ(·, x) ∈ [mε,δ− (x), mε,δ+ (x)] ⊆ [−1 − δ, 1 + δ],
here and below the L∞ norm of the derivatives of f ε are taken for its first argument q in the
compact set [−1− δ¯, 1 + δ¯]. To prove that vε is a subsolution of (1.1-i) it remains to see that the
right hand side of the last inequality above is non positive. For the right bracket we compute
−δ
ε
+ 2|Dqε,δr |+ ε|∆qε,δ| ≤ −
δ
ε
+
2M1
εk
+ ε
M2
ε2k
≤ − δ
2ε
when δ > 0 is fixed and ε is small enough. For the left bracket, we combine (3.1) and (3.11),
f εq (m
ε,δ
± (x), x) ≥ γ > 0 and qε,δ(r, x) → mε,δ± (x) if r → ±∞ exponentially fast, uniformly for
x ∈ Rn. This means that we may suppose that there exists an r¯ > 0 such that
f εq (q
ε,δ(r, x), x) ≥ γ
2
, for any |r| ≥ r¯,
and we can choose β small enough, independent of ε, δ, in order to get
β‖f εqq‖∞ = β sup{|f εqq(q, x)| : (q, x) ∈ [−1− δ¯, 1 + δ¯]× Rn} ≤
γ
2
.
Thus we consider two cases. If |d(x, t)− 2β| ≥ εr¯, we have that
vεt − ε∆vε +
f ε(vε, x)
ε
≤ −q
ε,δ
r
ε
− δ
2ε
< 0
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for ε small enough. If, on the other hand, |d(x, t)− 2β| < εr¯ and we denote with K a strictly
positive constant (which depends on r¯) so that qε,δr (r, x) ≥ K > 0 for any |r| ≤ r¯, x ∈ Rn, we
get that, for β small compared toK,
vεt − ε∆vε +
f ε(vε, x)
ε
≤ 1
ε
(−K + 2β(‖f εq ‖∞ + 2β‖f εqq‖∞))−
δ
2ε
< 0.
2. We now define in {(x, t) ∈ Rn × [0, h¯] : d(x, t) ≤ γ},
v¯ε(x, t) =
{
sup(vε(x, t),−1) if −γ < d(x, t) ≤ γ,
−1 if d(x, t) ≤ −γ.
By a similar reasoning to that of Lemma 4.4 in [5] one easily proves that v¯ε is a continuous
viscosity subsolution of (1.1-i) in {(x, t) ∈ Rn × [0, h¯] : d(x, t) ≤ γ}, for ε sufficiently small.
3. We finally define our function ωε,β : Rn × [0, h¯]→ R as
ωε,β(x, t) =
{
ψ(d(x, t))v¯ε(x, t) + (1− ψ(d(x, t)))(1− β) if d(x, t) < γ,
1− β if d(x, t) ≥ γ,
where ψ : R→ R is a smooth function such that ψ′ ≤ 0 inR, ψ = 1 in (−∞, γ/2], 0 < ψ < 1 in
(γ/2, 3γ/4) and ψ = 0 in [3γ/4,+∞). The only subset ofRn×(0, h¯) in which we have to check
that ωε,β is a subsolution is {(x, t) ∈ Rn × (0, h¯) : γ/2 ≤ d(x, t) ≤ 3γ/4}. Since |Dd| = 1
ωε,βt − ε∆ωε,β +
f ε(ωε,β, x)
ε
=ψ(v¯εt − ε∆v¯ε)− 2εψ′Dd ·Dv¯ε
+ (ψ′dt − εψ′∆d− εψ′′)(v¯ε − (1− β)) + f
ε(ωε,β, x)
ε
.
(3.24)
If we take 2β < γ/4
vε(x, t) ≥ qε,δ
(
γ
4ε
, x
)
− 2β
≥ mε,δ+ (x)− ae−
bγ
4ε − 2β ≥ 1−Mδ − ae− bγ4ε − 2β
and so for ε, β, δ small v¯ε(x, t) = vε(x, t) and v¯ε(x, t) − (1 − β) ≤ −β. Moreover, since
f εqq(1, x) > 0, f
ε(ωε,β, x) ≤ ψf ε(vε, x) + (1− ψ)f ε(1− β, x), (3.24) becomes
ωε,βt − ε∆ωε,β +
f ε(ωε,β, x)
ε
≤− ψ δ
2ε
− 2ψ′qεr + 2ε1−kM1
+ ψ′dt(vε − (1− β)) + (1− ψ)f
ε(1− β, x)
ε
+O(ε)
≤− 1
ε
(
ψ
δ
2
+ (1− ψ)(−f ε(1− β, x))
)
+ M˜3 + oε(1) ≤ 0,
for ε small enough. To get the last inequality, we also used the fact that dt ≤ 0 and supx∈Rn f ε(1−
β, x) < 0 for β small enough.
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4. Now we observe that, if d(x, t) < β, then vε(x, t) ≤ qε,δ(−β
ε
, x) − 2β ≤ mε,δ− (x) +
ae−
bβ
ε − 2β ≤ mε,δ− (x) ≤ −1 for ε small enough (and β fixed). This means that, for ε small
enough
vε(x, t) ≤ (1− β)1{d≥β}(x, t)− 1{d<β}(x, t).
By definition of v¯ε and of ωε,β the last inequality still holds for v¯ε and ωε,β (we just point out that
if d(x, t) ≥ β then ωε,β(x, t) is equal to 1 − β or to a convex linear combination of elements of
(−∞, 1− β]). If we consider t = 0 we have proved the second part of our Lemma.
5. Finally we just remark that, with a reasoning similar to the one in point 4. one can prove
that if (x, t) ∈ B(xˆ, r)× (0, h¯) and d(x, t) > 3β, then
vε(x, t) ≥ qε,δ(β
ε
, x)− 2β ≥ 1− ae− bβε − 2β −Mδ.
Hence lim inf∗ε→0+ ωε,β(x, t) ≥ 1− 3β, for β ≥Mδ.
Second step: propagation. In this step we show that (Ω1t )t∈(0,T ) and ((Ω
2
t )
c)t∈(0,T ) are respec-
tively super and sub-flows with normal velocity −α. Since the two proofs are similar we only
show that (Ω1t )t∈(0,T ) is a superflow. One of the new difficulties here is due to the fact that the
flow has a discontinuous velocity and we will need to approximate the definition of super- and
subflow by using continuous velocities. We do that by means of the same smooth functions cε
appearing in the problem. We consider the following modified families of continuous functions
and define:
cε(x) := ηε(x)n2(x) + (1− ηε(x))cε(x), cε(x) := ξε(x)n1(x) + (1− ξε(x))cε(x),
where ηε, ξε ∈ C2(Rn), ηε(x), ξε(x) ∈ [0, 1],
ηε(x) :=
{
1 if d˜(x) ≥ −ε
0 if d˜(x) ≤ −2ε ; ξ
ε(x) :=
{
1 if d˜(x) ≤ ε
0 if d˜(x) ≥ 2ε .
Notice that
n1 ≤ cε ≤ cε ≤ cε ≤ n2, cε ≤ α∗ ≤ α∗ ≤ cε
and lim sup∗ε→0+ c
ε(x) = α∗(x), lim inf∗ε→0+ cε(x) = α∗(x)We denote below asF = {c¯ε, ε >
0}, F = {cε, ε > 0}.
Proposition 3.6. (i) A family (Ωt)t∈(0,T ) of open subsets ofRn, such that the setΩ :=
⋃
t∈(0,T ) Ωt×
{t} is open in Rn × [0, T ], is a generalized superflow with normal velocity−α if and only
if it is a generalized superflow with normal velocity−c ∈ C(Rn), for all c¯ ∈ F ;
(ii) A family (Ft)t∈(0,T ) of close subsets of Rn such that the set F :=
⋃
t∈(0,T ) Ft × {t} is
closed in Rn × [0, T ] is a generalized subflow with normal velocity −α if and only if it is
a generalized subflow with normal velocity −c, for all c ∈ F .
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Proof. (i) In view of Theorem 2.5, in order to prove this statement we have to prove that the
function χ = 1Ω − 1Ωc is a viscosity supersolution of (1.3-i) if and only if it is a viscosity
supersolution of
χt(x, t) + c
ε(x)|Dχ(x, t)| = 0, (x, t) ∈ Rn × (0, T ), (3.25)
for all ε > 0. We start assuming that for every continuous function cε, χ is a viscosity supersolu-
tion of (3.25). The conclusion follows from the stability of viscosity supersolutions and the fact
that α⋆ = lim sup∗ε→0+ c
ε. Therefore χ is a supersolution also of (1.3-i). Since cε ≥ α∗, the other
implication is trivial.
(ii) The proof concerning the subflow is similar and we omit it.
Next we want to show that (Ω1t )t∈(0,T ) is a superflow with normal velocity−c, for any c ∈ F .
Proposition 3.7. Let c ∈ F be fixed and let x0 ∈ Rn, t ∈ (0, T ), r > 0, h > 0 so that t+h < T .
Suppose that φ : Rn × [0, T ] → R be a smooth function that satisfies (i)–(iv) in Definition 2.3
with Ω1s substituting Ωs. Then, for every s ∈ (t, t + h),
{x ∈ B(x0, r] : φ(x, s) > 0} ⊂ Ω1s.
Proof. Using the assumptions and the definition of (Ω1t )t∈(0,T ) we need to prove that for all
x ∈ B(x0, r), s ∈ (t, t+ h) such that φ(x, s) > 0, then we have
lim inf
ε→0+ ∗
uε(y, τ) ≥ 1
for (y, τ) in a neighborhood of (x, s). By (i), let C˜ > 0 be such that
φt(x, s) + c(x)|Dφ(x, s)| ≤ −C˜ < 0, for all (x, s) ∈ B(x0, r]× [t, t+ h].
The proof proceeds like the one of the first step with the difference that here we have to construct
a subsolution of (1.1-i) only in the ball B(x0, r) and not in the whole space R
n. We will need
to use an extra boundary condition coming from (iv). In fact to prove this result it is enough to
prove the following lemma which plays the role of Lemma 3.5 in the first step. We denote below
with d(·, s) the signed distance function to the set {φ(·, s) = 0} which has the same sign of φ.
Lemma 3.8. Let the assumptions of Proposition 3.7 hold true. There exists β¯ small enough such
that, if β ≤ β¯ and ε ≤ ε¯(β) then there is a viscosity subsolution ωε,β of (1.1-i) in B(x0, r) ×
(t, t+ h) that satisfies,
1. ωε,β(x, t) ≤ (1− β)1{d(·,t)≥β}(x)− 1{d(·,t)<β}(x), for all x ∈ B(x0, r],
2. ωε,β(x, s) ≤ (1− β)1{d(·,s)≥β}(x)− 1{d(·,s)<β}(x), for all x ∈ ∂B(x0, r], s ∈ [t, t + h]
3. if (x, s) ∈ B(x0, r]× [t, t+ h] satisfies d(x, s) > 3β, then
lim inf
ε→0+ ∗
ωε,β(x, s) ≥ 1− β.
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If we assume for the moment that Lemma 3.8 holds true then we can prove Proposition 3.7 as
a direct consequence (see also [3]). In fact, if d(x, t) ≥ β > 0, then also φ(x, t) > 0 and so, by
property (iii) of φ, x ∈ Ω1t . By definition of (Ω1t )t∈(0,T ) this means that lim inf∗ε→0+ uε(x, t) ≥
1 > 1 − β and so there exists an εx,t > 0 such that, for all ε ≤ εx,t, (y, τ) ∈ B(x, εx,t) ×
(t − εx,t, t + εx,t), we have uε(y, τ) ≥ 1 − β. Thus, by the compactness of {x ∈ B(xo, r] :
φ(x, t) ≥ 0} we can select an ε¯ > 0, possibly depending only on β, so that, for all ε ≤ ε¯, and
x ∈ {y ∈ B(x0, r] : d(y, t) ≥ β} we have uε(x, t) ≥ 1− β. Therefore
uε(x, t) ≥ (1− β)1{d(·,t)≥β}(x)− 1{d(·,t)<β}(x).
for all ε ≤ ε¯, x ∈ B(x0, r]. In a similar way we can also obtain that, for ε small enough,
uε(x, s) ≥ (1− β)1{d(·,s)≥β}(x)− 1{d(·,s)<β}(x),
for any (x, s) ∈ ∂B(x0, r] × [t, t + h]. Combining these inequalities with those in 1. and 2. in
the statement of Lemma 3.8, by the maximum principle we can conclude that
ωε,β(x, s) ≤ uε(x, s), for all (x, s) ∈ B(x0, r]× [t, t + h].
By 3. in Lemma 3.8, lim inf∗ε→0+ uε(x, s) ≥ 1 − β for every (x, s) ∈ B(x0, r] × [t, t + h]
such that d(x, s) > 3β. Since β is arbitrary we can now send β to zero in order to obtain that
lim inf∗ε→0+ uε(x, s) ≥ 1 if (x, s) ∈ B(x0, r] × [t, t + h] and φ(x, s) > 0. Finally we remark
that, if s ∈ (t, t + h), x ∈ B(x0, r) are given and φ(x, s) > 0, we have that φ(y, τ) > 0 in a
neighborhood of (x, s) and therefore lim inf∗ε→0+ uε(y, τ) ≥ 1 for (y, τ) in a neighborhood of
(x, s) in B(x0, r)× (t, t + h). Thus x ∈ Ω1s.
Proof of Lemma 3.8. This proof is similar to the one of Lemma 3.5, although with a different
and not explicit function φ, and therefore we just sketch the main differences. First of all we
observe that since φ satisfies property (ii) of Proposition 3.7 there exists γ > 0 such that d is
smooth in the set Qγ = {(x, s) ∈ B(x0, r] × [t, t + h] : |d(x, s)| ≤ γ}, |Dφ(x, s)| 6= 0 in Qγ .
Since Dd = Dφ|Dφ| and dt =
φt
|Dφ| on {φ = 0}, and using (i), we may also suppose that
dt(x, s) + c¯(x) ≤ − C˜
4|Dφ(x, s)| for all (x, s) ∈ Qγ . (3.26)
We notice that for every ε sufficiently small we have that cε ≤ c and will restrict to such values
of ε in the reaction-diffusion equation.
As in Lemma 3.5 we first define a function vε in Qγ as v
ε(x, t) = qε,δ
(
d(x,t)−2β
ε
, x
)
− 2β,
with a suitable auxiliary parameter δ ∈ (0, δ¯]. Thanks to inequality (3.26), the traveling wave
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equation and (3.11), we can see that for (x, t) ∈ Qγ ,
vεt − ε∆vε +
f ε(vε, x)
ε
≤ q
ε,δ
r
ε
(− c¯(x)− C˜
4|Dφ(x, s)| + c
ε,δ(x)− ε∆d)− δ
ε
+
+ 2|Dqε,δr |+ ε|∆qε,δ| −
2βf εq (q
ε,δ, x)
ε
+
2β2‖f εqq‖∞
ε
≤ 1
ε
[
qε,δr
(
Mδ − C˜
4‖Dφ|Qγ‖∞
+ ε|∆d|)− 2βf εq (qε,δ, x) + 2β2‖f εqq‖∞
]
− δ
ε
+
2M1
εk
+ ε
M2
ε2k
≤ 1
ε
[
− C˜
16‖Dφ|Qγ‖∞
qε,δr − 2βf εq (qε,δ, x) + 2β2‖f εqq‖∞
]
− δ
2ε
,
for δ > 0 (independent of β) and then ε small enough. As in Lemma 3.5 it can be easily seen
that, if we choose β small enough and independent of δ, the sum of the terms inside the square
brackets is non positive and so vε is a strict subsolution in Qγ . From now on the extension to a
global subsolution ωε,β in B(xo, r]× [t, t+ h] and the proof that such a function satisfies 1, 2, 3,
is similar to that of Lemma 3.5 and we omit it.
The proof of Theorem 3.2 is now easy by using the previous two steps and Corollary 2.6.
4 The no-interior condition
In this section we come back to consider the Cauchy problem (1.3). We want to prove that,
since the velocity α has a constant sign, the zero level set {x : u(x, t) = 0} of the (unique)
continuous viscosity solution of (1.3) has an empty interior provided so does the zero level set
of the initial condition {x : uo(x) = 0}, i.e condition (2.2) is fullfilled. To this end we use the
representation formula for u obtained by the authors in [12]. In order to apply such a result we
assume in this section that, uo ∈ C(Rn) and α : Rn → [ρ,+∞), for some ρ > 0, is piecewise
Lipschitz continuous as defined in Section 2. Its discontinuity set Γ˜ ∈ Rn is then the finite union
of connected Lipschitz hypersurfaces. Under these hypothesis we have that, if we denote with
(x(s), t(s)) = (x(s ; x,m), t(s ; x, t,m)) the Caratheodory solution of the dynamical system


x˙(s) = m(s),
t(s) = t− ∫ s
0
1
α∗(x(s))
ds,
(x(0), t(0)) = (x, t),
then, for any (x, t) ∈ Rn × [0,+∞),
u(x, t) = inf
m∈C
u0(x(τx,t(m); x,m)). (4.1)
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Here C is the set of all measurable functionsm : [0,+∞)→ A := {a ∈ Rn : |a| ≤ 1} (controls)
and τx,t(m) satisfies t(τx,t(m)) = 0, i.e.
t =
∫ τx,t(m)
0
1
α∗(x(s ; x,m))
.
In order to prove that {(x, t) : u(x, t) = 0} has empty interior we also suppose on the initial
condition that
{u0 > 0} 6= ∅, {u0 < 0} 6= ∅,
Γ0 = {u0 = 0} = ∂{u0 > 0} = ∂{u0 < 0} (4.2)
Theorem 4.1. Assume that α and u0 satisfy all the assumptions above and (4.2) holds. Then the
zero level set {(x, t) : u(x, t) = 0} satisfies the no-interior condition in (2.2).
Proof. For all (xˆ, tˆ) ∈ Rn × (0,+∞) define the (bounded) set of reachable points from (xˆ, tˆ) as
Rxˆ,tˆ := {x(τxˆ,tˆ(m); xˆ, m) : m ∈ C}.
First of all observe thatB(xˆ, ρtˆ] ⊆ Rxˆ,tˆ. If in fact x ∈ B(xˆ, ρtˆ) and x 6= xˆ, then x = xˆ+a|x−xˆ|,
with a = x−xˆ|x−xˆ| . We consider the control
mˆ(s) =
{
x−xˆ
|x−xˆ| , if s ≤ |x− xˆ|,
0 if s > |x− xˆ|.
We have that τxˆ,tˆ(mˆ) ≥ ρtˆ ≥ |x− xˆ| and x(τxˆ,tˆ(mˆ); xˆ, mˆ) = x(|x− xˆ|; xˆ, mˆ) = x, i.e. x ∈ Rxˆ,tˆ.
Using this inclusion and concatenation of control functions, one can then easily show that for
every h ∈ (0, tˆ)
Rxˆ,tˆ−h ⊆
⋃
x∈Rxˆ,tˆ−h
B(x, ρ
h
2
) ⊆
⋃
x∈Rxˆ,tˆ−h
B(x, ρh) ⊆
⋃
x∈Rxˆ,tˆ−h
Rx,h ⊆ Rxˆ,tˆ,
and so
Rxˆ,tˆ−h ⊆
◦
Rxˆ,tˆ for all (xˆ, tˆ) ∈ Rn × [0,+∞), h > 0. (4.3)
Next we claim that if u(xˆ, tˆ) = 0 then u(xˆ, tˆ − h) > 0 for every h > 0, thus (xˆ, tˆ) /∈
Int{(x, t) : u(x, t) = 0}. Indeed suppose that u(xˆ, tˆ) = 0 and h > 0. By (4.3) and the
representation formula (4.1) for u we have that u(xˆ, tˆ − h) = inf{u0(y) : y ∈ Rxˆ,tˆ−h} ≥
u(xˆ, tˆ) = 0. Assume by contradiction that u(xˆ, tˆ− h) = 0, i.e. there exists yˆ ∈ Rxˆ,tˆ−h such that
u0(yˆ) = 0. Let r > 0 be such thatB(yˆ, r) ⊆
◦
Rxˆ,tˆ; by (4.2) we have that there exists y1 ∈ B(yˆ, r)
such that u0(y1) < 0. Again, this means that
u(xˆ, tˆ) = inf
y∈Rxˆ,tˆ
u0(y) ≤ u0(y1) < 0,
and we get a contradiction since u(xˆ, tˆ) = 0.
Assuming the claim, our Theorem immediately follows since we have that, for any (xˆ, tˆ) ∈
R
n × (0,+∞), h > 0 sufficiently small,
if u(xˆ, tˆ) = 0, then u(xˆ, tˆ− h) > 0 and u(xˆ, tˆ+ h) < 0.
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5 A second asymptotic problem
In this last section we want to briefly discuss a different scaling in the reaction-diffusion equation,
namely (1.4). To this end we have to modify some of the assumptions of Section 3. We have a
cubic function f ε with the same structure as in section 3 but with (3.2) replaced by the stronger
condition, this time for some k ∈ [0, 1),


for every compactK ⊂ R there exists a constant C = C(K) > 0
such that, for all (q, x) ∈ K × Rn, 1 ≤ i, j ≤ n,
|f εq (q, x)|, |f εqq(q, x)| ≤ C, |f εxi(q, x)|, |f εxiq(q, x)| ≤ C1εk−1 , |f εxixj (q, x)| ≤ C2ε2k−1 .
(5.1)
Moreover we assume that nowm = m = 0, so that mεo −→ 0+ locally uniformly in Rn, i.e. for
any given compact K1 ⊂ Rn and all σ > 0 we can find an εσ > 0 such that mεo(x) ∈ (0, σ] for
all ε ≤ εσ, x ∈ K1. Finally in (3.3) we choosem1 = σ,m2 = 0.
Consequently we adapt the growth rate in (3.9) as
|Dqε(r, x)|, |Dqεr(r, x)| ≤ M1εk−1 , |D2qε(r, x)| ≤ M2ε2k−1 , for all x ∈ K1, r ∈ R. (5.2)
During the proofs we also need to modify the cubic-like function f ε as f ε,δ = f ε + εδ, for
δ ∈ [−δ, δ] and modify accordingly the notations for the properties of f ε,δ. Moreover we assume
that there is a constantM > 0 independent of ε, δ such that
sup
x∈Rn
[
|cε(x)− cε,δ(x)|+ |1−mε,δ+ (x)| + |1 +mε,δ− (x)|
]
≤M |δ|ε. (5.3)
As for the asymptotics of the velocity of the traveling wave solutions, we replace (3.12) by
0 < 2ρ ≤ n1(x) < cε(x)ε < n2(x) ≤ 2(1− ρ), for any x ∈ Rn,
cε
ε
−→ α, locally uniformly off Γ˜, (5.4)
where the functions α, n1, n2 are assumed as in (2.1) and Γ˜ is a smooth hypersurface.
We want to show that the front associated with the asymptotics of (1.4) evolves according to
the geometric pde (1.5), whose normal velocity is given byK−α, whereK is the mean curvature
of the front. To be more precise we introduce the following sets
Ω1 := Int
{
(x, t) ∈ Rn × [0, T ] : lim inf
ε→0+ ∗
uǫ(x, t)− 1
ε
= 0
}
,
Ω2 := Int
{
(x, t) ∈ Rn × [0, T ] : lim sup
ε→0+
∗ u
ǫ(x, t) + 1
ε
= 0
} (5.5)
and Ω1o, Ω
2
o as before. The result is as follows.
Theorem 5.1. Assume (2.1), (3.1), (5.1), (3.3), (3.7), (3.8), (5.2), (5.3), (5.4). Let uε be the
unique solution of (1.4), where g : Rn → [−1, 1] is a continuous function such that the sets
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Γo = {x : g(x) = 0}, Ω+o = {x : g(x) > 0}, Ω−o = {x : g(x) < 0} are nonempty and
(Γo,Ω
+
o ,Ω
−
o ) ∈ E . Then
uε(x, t) −→
{
1 in {(x, t) : u(x, t) > 0},
−1 in {(x, t) : u(x, t) < 0},
locally uniformly as ε→ 0, provided u is a unique, continuous viscosity solution of{
ut(x, t) + F (Du(x, t), D
2u(x, t)) + α(x)|Du(x, t)| = 0 in Rn × (0,+∞),
u(x, 0) = do(x),
(5.6)
and the comparison principle holds for (5.6). Here do is the signed distance to Γo which is positive
in Ω+o and negative in Ω
−
o . If in addition the no-interior condition (2.2) for the set {u = 0} holds,
then, as ε→ 0,
uε(x, t) −→
{
1 in {u > 0},
−1 in {u > 0}c,
locally uniformly.
Remark 5.2. Comparison principle and uniqueness for equation (5.6) is not fully known at the
moment, as far as we know. We proved in [13] that a comparison principle holds when (5.6) is
considered in a bounded domain with a prescribed Dirichlet boundary condition.
Proof. The proof follows the same steps as the one of Theorem 3.2, so we just point out the main
changes. Consider two families of open sets of Rn (Ω1t )t∈[0,T ) and (Ω
2
t )t∈[0,T ) defined as in (3.15),
(3.17) with Ω1 and Ω2 as in (5.5). By the maximum principle −1 ≤ uε ≤ 1.
First step: initialization. We want to show that Ω+0 = {do > 0} ⊆ Ω10 and Ω−0 = {do < 0} ⊆
Ω20. For the first inclusion we consider xˆ ∈ {x : do(x) > 0} and find r, σ > 0 such that
g(x) ≥ 5σ for all x ∈ B(xˆ, r)
≥ cε(x) + 4σ for all x ∈ B(xˆ, r), ε ≤ εσ.
and
mεo(x) ∈ (0, σ], for all x ∈ Rn, ε ≤ εσ.
This means in particular that
uε(x, 0) = g(x) ≥ 5σ1B(xˆ,r)(x)− 1B(xˆ,r)c(x). (5.7)
We define the function Φ : Rn × [0, T ] → R, and the signed distance function d to to {x :
Φ(x, t) = 0} as in (3.20).
Now we state the analogous of Lemma 3.4 and of Lemma 3.5
Lemma 5.3. Under the same assumptions of Theorem 5.1 we have that for any β > 0 there exist
τ = τ(β) > 0 and ε¯ = ε¯(β) such that, for all 0 < ε ≤ ε¯, we have
uε(x, tε) ≥ (1− βε)1{d(·,0)≥β}(x)− 1{d(·,0)<β}(x), x ∈ Rn,
where tε = τε
2| lg ε| and d(x, t) =√(r2 − Ct)+ − |x− xˆ|.
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Lemma 5.4. There exist h¯ = h¯(r, xˆ), β¯ = β¯(r, xˆ) > 0 independent of ε such that if β ≤ β¯ and
ε ≤ ε¯(β), then there exists a subsolution ωε,β of (1.4-i) in Rn × (0, h¯) that satisfies
ωε,β(x, 0) ≤ (1− βε)1{d(·,0)≥β}(x)− 1{d(·,0)<β}(x), x ∈ Rn.
If moreover (x, t) ∈ B(xˆ, r)× (0, h¯) and d(x, t) > 3β, then
lim inf
ε→0+ ∗
ωε,β(x, t)− 1
ε
≥ −2β.
Proof of Lemma 5.3. Let β > 0 fixed. From now on we restrict ε to ε ≤ εσ. To prove our thesis
we have to modify the function f ε as in [7, 3]. Let f¯ ∈ C2(R × Rn) be a function as in (3.3)
withm1 = 2σ. Consider a smooth cut-off ρ ∈ C∞0 (R) such that 0 ≤ ρ ≤ 1, ρ(s) = 1 if |s| ≤ 1
and ρ(s) = 0 if |s| ≥ 2. Assume moreover that ρ satisfies −2 ≤ sρ′(s) ≤ 0 and |ρ′′(s)| ≤ 4 for
all s ∈ R. Now define two further smooth functions ρ1, ρ2 : R→ [0, 1] as
ρ1(q) = ρ
(q − 2σ
σ
)
ρ2(q) = ρ
(4(q − 2σ)
σ
)
and set
f¯ ε(q, x) = (1− ρ1(q))f ε(q, x) + ρ1(q)f¯(q)
and
f˜ ε(q, x) = (1− ρ2(q))f¯ ε(q, x) + ρ2(q)2σ − q| lg ε| .
Notice that for any x ∈ Rn, f˜ ε(·, x) has {−1, 2σ, 1} as zeros and satisfies properties similar to
f ε. Moreover f˜ ε does not depend on x for all q ∈ [σ, 3σ] and f ε ≤ min{f¯ ε, f˜ ε}.
1. As in Chen [7], if we denote by χ = χ(τ, ξ; x) ∈ C2([0,+∞)× R× Rn) the solution of
{
χ˙(τ, ξ; x) + f˜ ε(χ(τ, ξ; x), x) = 0, τ > 0,
χ(0, ξ; x) = ξ,
(5.8)
it follows that χ satisfies property (χ1) in the proof of Lemma 3.4 while properties (χ2) and (χ3)
are replaced by the following: for all β, σ > 0 there exist τo = τo(β, σ), εo = εo(β, σ) > 0 such
that, for all τ ≥ τo| log ε| and ε ≤ εo
χ(τ, ξ; x) ≥ 1− βε ∀ ξ ≥ 4σ. (χ˜2)
Moreover, since for any C > 1 we have that χ(τ, ξ, x) ∈ [−C,C] for all ξ ∈ [−C,C], τ ≥ 0,
x ∈ Rn, it also holds that for any C > 1, a > 0 there exists a constantMC,a > 0 such that
|χξξ(τ, ξ; x)| ≤ MC,aε χξ(τ, ξ; x), |χxi(τ, ξ; x)|,≤ MC,aεk−1
|χξxi(τ, ξ; x)| ≤ MC,aεk−1 χξ(τ, ξ; x), |χxixi(τ, ξ; x)| ≤
MC,a
ε2k−1
χξ(τ, ξ; x),
(χ˜3)
for any τ ≤ a| ln ε|, ξ ∈ [−C,C], x ∈ Rn, i ∈ {1, 2, · · · , n} and ε small enough.
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2. Consider a smooth nondecreasing function ψ such that ψ(z) = −1 if z ≤ 0 and ψ(z) = 5σ
if z ≥ β ∧ σ
2
. Similarly as before, the function
uε(x, t) = χ
( t
ε2
, ψ(d(x, 0))− Kt
ε
, x
)
satisfies uε(x, 0) ≤ uε(x, 0). Moreover it is a subsolution of (1.4-i) inRn×(0, τoε2| lg ε|). Indeed
we can compute by (χ˜3),
uεt −∆uε + f
ε(uε,x)
ε2
= χ˙+f
ε(χ,x)
ε2
−K χξ
ε
− χξξ(ψ′)2 − χξ(ψ′′ + ψ′∆d)
+2ψ′Dχξ ·Dd+∆χ
= f
ε(χ,x)−f˜ε(χ,x)
ε2
+
χξ
ε
[−K − ε(ψ′′ + ψ′∆d)+
+M2,τ0((ψ
′)2 + ε2−kψ′) + ε2−2k]
≤ −χξ
ε
(
K −M2,τ0‖ψ′‖2∞ + oε(1)
) ≤ 0,
for K large enough. Therefore using the maximum principle and property (χ˜2) we can prove
that uε(x, tε) ≥ 1− βε if tε = τoε2| lg ε| and d(x, 0) ≥ β (from which Lemma 5.3 follows).
Proof of Lemma 5.4. The construction of a subsolution that satisfies this Lemma is very similar
to the one in Lemma 3.5. Let Φ, d and Qγ,h¯ defined as in (3.20) where now the fixed constant C
satisfies
C ≥ 2r
[n− 1
γ
+ 4
]
.
The construction of our subsolution ωε,β follows the usual steps. We first define for any (x, t) ∈
Qγ,h¯
vε(x, t) = qε,δ
(d(x, t)− 2β
ε
, x
)
− 2βε,
where qε,δ is the solution of the travelling wave equation (3.6) with f ε replaced by f ε,δ = f ε+εδ.
The function vε is a subsolution of (1.4-i) in Qγ,h¯. Indeed,
vεt −∆vε + f
ε(vε,x)
ε2
= q
ε,δ
r dt
ε
− qε,δrr
ε
− 2
ε
Dqε,δr ·Dd− q
ε,δ
r
ε
∆d−∆qε,δ + fε(qε,δ−2β,x)
ε2
−2β
ε
f εq (q
ε,δ, x) + 2β2ε‖f εqq‖∞
≤ 1
ε
[
− qε,δr − 2βf εq (qε,δ, x) + 2β2ε‖f εqq‖∞
]
+
[− δ
ε
+ 2M1
εk
+ M2
ε2k−1
]
,
and then we conclude as before. The extension of vε to a subsolution in the entire stripRn×[0, h¯]
proceed now similarly to the one in Lemma 3.5. We first prove that the function v¯ε : {(x, t) ∈
R
n × [0, h¯] : d(x, t) ≤ γ} → R, defined as
v¯ε(x, t) =
{
sup(vε(x, t),−1) if −γ < d(x, t) ≤ γ,
−1 if d(x, t) ≤ −γ,
is a subsolution of (1.4-i). Eventually we define our subsolution ωε,β as
ωε,β(x, t) =
{
ψ(d(x, t))v¯ε(x, t) + (1− ψ(d(x, t)))(1− εβ) if d(x, t) < γ,
1− εβ if d(x, t) ≥ γ.
for (x, t) ∈ Rn × [0, h¯]. These proofs do not contain any new ideas with respect to the ones in
Lemma 3.5 and we omit them.
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Second step: propagation. The proof of the fact that (Ω1t )t∈(0,T ) and ((Ω
2
t )
c)t∈(0,T ) are re-
spectively super and subflows with normal velocity K−α, where K is the mean curvature of the
level set, is very close to the one in Theorem 3.2. Here we approximate our discontinuous limit
velocity α with the following continuous functions:
cˆε(x) := ηε(x)n2(x) + (1− ηε(x))c
ε(x)
ε
, cˇε(x) := ξε(x)n1(x) + (1− ξε(x))c
ε(x)
ε
,
with ηε and ξε as in Theorem 3.2. If we put Fˆ = {cˆε, ε > 0}, Fˇ = {cˇε, ε > 0}, then Proposition
3.6 takes the following form.
Proposition 5.5. (i) A family (Ωt)t∈(0,T ) of open subsets ofRn such that the setΩ :=
⋃
t∈(0,T ) Ωt×
{t} is open in Rn × [0, T ] is a generalized superflow with normal velocity −F − α if and
only if it is a generalized superflow with normal velocity−F − cˆ ∈ C(Rn), for all cˆ ∈ Fˆ ;
(ii) A family (Ft)t∈(0,T ) of close subsets of Rn such that the set F :=
⋃
t∈(0,T ) Ft×{t} is closed
in Rn × [0, T ] is a generalized subflow with normal velocity −F − α if and only if it is a
generalized subflow with normal velocity−F − cˇ, for all cˇ ∈ Fˇ .
The modifications that we need in this proof follow the lines of the previous Lemma.
References
[1] ALLEN, S. M. , CAHN, J. W., A macroscopic theory for antiphase boundary motion and
its application to antiphase domain coarsening, Acta Metal. 27 (1979), 1085–1095.
[2] ARONSON, D. G. , WEINBERGER, H., Multidimensional nonlinear diffusion arising in
population genetics, Adv. Math. 30 (1978), 33–76.
[3] BARLES, G.; DA LIO, F., A geometrical approach to front propagation problems in
bounded domains with Neumann-type boundary conditions, Interfaces Free Bound. 5
(2003), 239-274.
[4] BARLES, G., SONER, H. M., SOUGANIDIS, P. E., Front propagation and phase field
theory, SIAM J. Control. Optim. 31 (1993), 489–469.
[5] BARLES, G., SOUGANIDIS, P. E., A new approach to front propagation problems: theory
and applications, Arch. Ration. Mech. Anal. 141 (1998), 237–296.
[6] CAMILLI, F., An Hopf-Lax formula for a class of measurable Hamilton-Jacobi equations,
Nonlinear Anal. 57 (2004), no. 2, 265–286.
[7] CHEN, X., Generation and propagation of interfaces in reaction-diffusion equations, J.
Differential Equations 96 (1992), 116–141.
[8] CHEN, X., Generation and propagation of interfaces in reaction-diffusion systems, Trans-
actions of the American Mathematical Society. 334, n. 2 (1992), 877-913.
27
[9] CHEN, Y.-G., GIGA, Y., GOTO, S., Uniqueness and existence of viscosity solutions of
generalized mean curvature flow equations, J. Differential Geom. 33 (1991), 749–786.
[10] CRANDALL, M. G., ISHII, H., LIONS, P.-L., User’s guide to viscosity solutions of second
order partial differential equations, Bull. Amer. Math. Soc. 27 (1992), 1–67.
[11] DA LIO, FRANCESCA; KIM, CHRISTINA INWON; SLEPEV, DEJAN Nonlocal front prop-
agation problems in bounded domains with Neumann-type boundary conditions and appli-
cations, Asymptot. Anal. 37 (2004), no. 3-4, 257292.
[12] DE ZAN, C.; SORAVIA, P., Cauchy problems for noncoercive Hamilton-Jacobi-Isaacs
equations with discontinuous coefficients, Interfaces Free Bound. 12 (2010), 347–368.
[13] DE ZAN, C.; SORAVIA, P., Geometric flows with discontinuous velocity: a comparison
principle, Int. J. Differ. Equ. (2016), Art. ID 3627896.
[14] EVANS, L. C., SONER, H. M., SOUGANIDIS, P. E., Phase transitions and generalized
motion by mean curvature, Comm. Pure Appl. Math. 45 (1992), 1097–1123.
[15] EVANS, L. C. , SPRUCK, J.,Motion of level sets by mean curvature I, J. Differential Geom.
33 (1991), 635–681.
[16] FIFE, P. C. , MCLEOD, B., The approach of solutions of nonlinear differential diffusion
equations to traveling solutions, Arch. Ration. Mech. Anal. 65 (1977), 335–361.
[17] GIGA, Y., Surface evolution equations. A level set approach, Monographs in Mathematics,
99, Birkha¨user Verlag, Basel, 2006.
[18] ISHII, H., Hamilton-Jacobi equations with discontinuous Hamiltonians on arbitrary open
sets Bull. Fac. Sci. Engrg. Chuo Univ. 28 (1985), 33–77.
[19] KELLER, J. B., RUBINSTEIN, J., STERNBERG, P., Fast reaction, slow diffusion and curve
shortening, SIAM J. Appl. Math. 49 (1989), 116–133.
[20] OSHER, S. , SETHIAN, J. A., Fronts propagating with curvature-dependent speed: algo-
rithms based on Hamilton-Jacobi formulations, J. Comput. Phys. 79 (1988), 12–49.
[21] SORAVIA, P.; SOUGANIDIS, P. E., Phase field theory for FitzHugh-Nagumo type systems,
SIAM J. Math. Anal. 42 (1996), 1341-1359.
[22] SOUGANIDIS, P. E., Front propagation: theory and applications, Viscosity Solutions and
Applications (Montecatini Terme, 1995), I. Capuzzo Dolcetta et al. (eds.), Lecture Notes in
Math. 1660, Springer Verlag 1997, 186–242.
28
